


•

▪

▪

•

▪

▪



•

▪

𝐃𝑧1 + 𝐃𝑧2 = 𝐃𝑠

𝑧1 + 𝑧2 = 𝑠

𝐃 ∈ ℂ𝐹×𝐹

𝐃𝐃H = 𝐈𝐹



•

▪

▪

𝜃𝑟

𝑥𝑓𝑡 = 𝑟𝑓𝑡(cos 𝜃𝑓𝑡 + 𝑖 sin 𝜃𝑓𝑡)

✔

✔

✔ ✔



•

▪

▪ ℂ𝐹×𝐹 ℂ𝑇×𝑇

▪

▪

▪

𝒪(𝐾(𝐹 + 𝑇)) 𝒪(𝐾𝐹𝑇)

𝒪(𝐾(𝐹2 + 𝑇2)) 𝒪(𝐾𝐹3𝑇3)

𝑇

𝐹



•

▪

▪

▪

▪

▪

▪

▪

▪

▪

𝐏

𝐐

𝐏𝐒𝐐T𝐒𝐐T

𝐏𝐒𝐒

𝑇

𝐹

𝑇

𝐹

𝑇

𝐹

𝑇

𝐹

𝑇

𝑇

𝐹

𝐹

 𝐡1
 𝐡2
 𝐡3

 𝐰1  𝐰2  𝐰3



•

▪

▪

▪



•

▪

▪

▪

▪

▪

•

▪

▪

▪

▪

▪



•

▪

▪

▪

▪

▪

•

▪

▪

▪

▪

▪



•

 𝐱𝑡 = diag(𝐬𝑡𝐬𝑡
H)

𝐲𝑡 =  

𝑘=1

𝐾

ℎ𝑘𝑡𝐰𝑘

𝒟IS(𝐱𝑡|𝐲𝑡)𝐡1

𝐡2

𝐡3

𝐰1 𝐰2 𝐰3

𝑡

𝑓

𝑓

𝑓

𝑡



•

𝐗𝑡 = 𝐬𝑡𝐬𝑡
H

𝐘𝑡 =  

𝑘=1

𝐾

ℎ𝑘𝑡𝐖𝑘

𝒟LD(𝐗𝑡|𝐘𝑡)𝐡1

𝐡2

𝐡3

𝐖1 𝐖2 𝐖3

𝑡

𝑓

𝑓

𝑡

𝑓

𝑓

𝑓



•

▪

▪

𝐡1

𝐡2

𝐡3

𝐖1 𝐖2 𝐖3

𝑡

𝑓

𝐰1 𝐰2 𝐰3

 𝐱𝑡 ≈  

𝑘=1

𝐾

ℎ𝑘𝑡𝐰𝑘

𝐗𝑡 ≈  

𝑘=1

𝐾

ℎ𝑘𝑡𝐖𝑘



•

▪

𝑡

𝑓

𝑡

𝑡

𝑓

𝑓𝐗𝑡 = 𝐬𝑡𝒔𝑡
H

𝐗𝑓 = 𝐬𝑓𝐬𝑓
H

𝐬𝑓

𝐬𝑡

✔

✔



•

𝐗𝑡 = 𝐱𝑡𝐱𝑡
H

𝐘𝑡 =  

𝑘=1

𝐾

ℎ𝑘𝑡𝐖𝑘

𝒟LD(𝐗𝑡|𝐘𝑡)𝐡1

𝐡2

𝐡3

𝐖1 𝐖2 𝐖3

𝑡

𝑓

𝑓

𝑡

𝑓

𝑓

𝑓



•

𝐗𝑓 = 𝐱𝑓𝐱𝑓
H

𝐘𝑓 =  

𝑘=1

𝐾

𝑤𝑘𝑓𝐇𝑘

𝒟LD(𝐗𝑡|𝐘𝑡)𝐰1

𝐰2

𝐰3

𝐇1 𝐇2 𝐇3

𝑓

𝑡

𝑡

𝑓

𝑡

𝑡

𝑡



𝐗 ∼  

𝑘=1

𝐾

𝐖𝑘 ⊗ 𝐇𝑘

•

𝐇1 𝐇2 𝐇3

𝐖1 𝐖2 𝐖3

𝐡1 𝐡2 𝐡3

𝐰1 𝐰2 𝐰3

𝑡

𝑡

𝑓

𝑓 𝑡

𝑓

𝐹𝑇 × 𝐹𝑇 𝐹 × 𝐹 𝑇 × 𝑇

𝐬 ∈ ℂ𝐹𝑇

𝐗 = 𝐬𝐬H



•

𝑠𝑓𝑡 ~ 𝒩𝑐 0,  

𝑘=1

𝐾

𝑤𝑘𝑓ℎ𝑘𝑡

✔ 𝐬𝑡 ~ 𝒩𝑐 𝟎,  

𝑘=1

𝐾

𝐖𝑘ℎ𝑘𝑡

✔ 𝐬𝑓 ~ 𝒩𝑐 𝟎,  

𝑘=1

𝐾

𝑤𝑘𝑓𝐇𝑘

✔ ✔ 𝐬 ~ 𝒩𝑐 𝟎,  

𝑘=1

𝐾

𝐖𝑘 ⊗ 𝐇𝑘

𝐹

𝑇

𝐹𝑇

𝐰𝑘

𝐡𝑘

𝐡𝑘𝐖𝑘

𝐖𝑘 𝐇𝑘

𝐇𝑘

𝐰𝑘



•

▪

▪

▪

▪

▪

•

▪

▪

▪

▪

▪



•

▪

𝐗 ≈ 𝐘 =  

𝑘=1

𝐾

𝐖𝑘 ⊗ 𝐇𝑘

𝒟LD 𝐗 𝐘 = − log 𝐗𝐘−1 + tr 𝐗𝐘−1 − 𝐹𝑇

𝐗 = 𝐬𝐬H 𝐘

𝐖1 𝐖2 𝐖3

𝐇1 𝐇2 𝐇3

𝐘𝐗

𝐹 × 𝐹 𝑇 × 𝑇𝐹𝑇 × 𝐹𝑇



•

▪

𝐳1
𝐳𝑘 ∼ 𝒩𝑐 𝟎, 𝐖𝑘 ⊗ 𝐇𝑘

𝑘

𝑘

𝐬 ∼ 𝒩𝑐 𝟎,  

𝑘=1

𝐾

𝐖𝑘 ⊗ 𝐇𝑘

𝐬

𝐳2 𝐳3

𝐖3 ⊗ 𝐇3𝐖2 ⊗ 𝐇2𝐖1 ⊗ 𝐇1



•

•

𝐀𝑘 = 𝐈𝐹×𝐹 ⊗ 𝟏1×𝑇 𝐈𝐹×𝐹 ⊗ 𝐇𝑘
T ⊙ 𝐘−1 𝐈𝐹×𝐹 ⊗ 𝟏𝑇×1

𝐁𝑘 = 𝐈𝐹×𝐹 ⊗ 𝟏1×𝑇 𝐈𝐹×𝐹 ⊗ 𝐇𝑘
T ⊙ 𝐘−1𝐗𝐘−1 𝐈𝐹×𝐹 ⊗ 𝟏𝑇×1

𝐖𝑘 ← 𝐀𝑘
−1 ∘ 𝐖𝑘𝐁𝑘𝐖𝑘

𝐂𝑘 = 𝟏1×𝐹 ⊗ 𝐈𝑇×𝑇 𝐖𝑘
T ⊗ 𝐈𝑇×𝑇 ⊙ 𝐘−1 𝟏𝐹×1 ⊗ 𝐈𝑇×𝑇

𝐃𝑘 = 𝟏1×𝐹 ⊗ 𝐈𝑇×𝑇 𝐖𝑘
T ⊗ 𝐈𝑇×𝑇 ⊙ 𝐘−1𝐗𝐘−1 𝟏𝐹×1 ⊗ 𝐈𝑇×𝑇

𝐇𝑘 ← 𝐂𝑘
−1 ∘ 𝐇𝑘𝐃𝑘𝐇𝑘

𝐳𝑘|𝐬 ∼ 𝑁𝑐(𝐘𝑘𝐘−1𝐬, 𝐘𝑘 − 𝐘𝑘𝐘−1𝐘𝑘)

𝑂(𝐾𝐹3𝑇3)

𝐘𝑘 = 𝐖𝑘 ⊗ 𝐇𝑘 𝐘 =  

𝑘=1

𝐾

𝐘𝑘



•

▪

▪

▪

▪

▪

•

▪

▪

▪

▪

▪



• 𝐖, 𝐇

▪ 𝐖𝑘 = 𝐏−1  𝐰𝑘 𝐏−H ∈ ℂ𝐹×𝐹

▪ 𝐇𝑘 = 𝐐−1  𝐡𝑘 𝐐−H ∈ ℂT×T

▪  𝐰𝑘 ∈ ℝ+
𝐹  𝐡𝑘 ∈ ℝ+

𝑇

▪ 𝐏 ∈ ℂ𝐹×𝐹 𝐐 ∈ ℂ𝑇×𝑇

𝐗 ≈ 𝐘 =  

𝑘=1

𝐾

𝐖𝑘 ⊗ 𝐇𝑘

𝐗 = 𝐬𝐬H 𝐘

𝐖1 𝐖2 𝐖3

𝐇1 𝐇2 𝐇3

𝐘𝐗

𝐹𝑇 × 𝐹𝑇 𝐹 × 𝐹 𝑇 × 𝑇



•

𝐬 ∼ 𝒩𝑐 𝟎,  

𝑘=1

𝐾

𝐖𝑘 ⊗ 𝐇𝑘

= 𝒩𝑐 𝟎, 𝐏 ⊗ 𝐐 −1  

𝑘=1

𝐾

 𝐰𝑘 ⊗  𝐡𝑘 𝐏 ⊗ 𝐐 −H

= 𝒩𝑐 𝟎,  

𝑘=1

𝐾

𝐏−1  𝐰𝑘 𝐏−H ⊗ 𝐐−1  𝐡𝑘 𝐐−H

𝐗 = 𝐬𝐬H 𝐘

𝐖1 𝐖2 𝐖3

𝐇1

𝐇2

𝐇3

𝐘𝐗

𝐗 ≈ 𝐘 =  

𝑘=1

𝐾

𝐖𝑘 ⊗ 𝐇𝑘

𝐏 ⊗ 𝐐 𝐬 = 𝒩𝑐 𝟎,  

𝑘=1

𝐾

 𝐰𝑘 ⊗  𝐡𝑘

𝐏, 𝐐

𝐬 ∈ ℂ𝐹𝑇

𝐹𝑇 𝐹 × 𝐹 𝑇 × 𝑇



•

▪

▪ 𝐏 ∈ ℂ𝐹×𝐹

▪ 𝐐 ∈ ℂ𝑇×𝑇

𝐏 ⊗ 𝐐 𝐬 = 𝒩𝑐 𝟎,  

𝑘=1

𝐾

 𝐰𝑘 ⊗  𝐡𝑘

𝐏

𝐐

𝐏𝐒𝐐T𝐒𝐐T

𝐏𝐒𝐒

𝑇

𝐹

𝑇

𝐹

𝑇

𝐹

𝑇

𝐹

𝑇

𝑇

𝐹

𝐹

𝐏𝐒𝐐T𝐒

𝐏 ⊗ 𝐐 𝐬𝐬

 𝐰𝑘
 𝐡𝑘

↓

𝐏𝐒𝐐T



•

▪

▪

▪

𝐏 𝐏𝐒𝐒

𝑇

𝐹

𝑇

𝐹

𝐹

𝐹



•

▪

▪

▪

▪

▪

•

▪

▪

▪

▪

▪



•

▪

▪

▪

𝐏

𝐐

𝐏𝐒𝐐T𝐒𝐐T

𝐏𝐒𝐒

𝑇

𝐹

𝑇

𝐹

𝑇

𝐹

𝑇

𝐹

𝑇

𝑇

𝐹

𝐹

 𝐡1
 𝐡2
 𝐡3

 𝐰1  𝐰2  𝐰3

 𝐰𝑘
 𝐡𝑘

𝐏𝐒𝐐T

𝐐
𝐏𝐒

𝐏
𝐒𝐐T

𝑇
𝑇

𝐐

𝐹
𝐹

𝐏



•

▪

▪

𝒟LD 𝐗 𝐘 = −𝑇 log 𝐏𝐏H − 𝐹 log 𝐐𝐐H +  

𝑓=1

𝐹

 

𝑡=1

𝑇

 𝑥𝑓𝑡  𝑦𝑓𝑡
−1 + log  𝑦𝑓𝑡

 𝑥𝑓𝑡 = 𝐩𝑓
H 𝐒𝐪𝑡

C𝐪𝑡
T𝐒H 𝐩𝑓 = 𝐪𝑡

H 𝐒T𝐩𝑓
C𝐩𝑓

T𝐒C 𝐪𝑡  𝑦𝑓𝑡 =  

𝑘=1

𝐾

 𝑤𝑘𝑓
 ℎ𝑘𝑡

 𝐰𝑘
 𝐡𝑘 𝐏𝐒𝐐T

𝐐 𝐏𝐒

𝐏 𝐒𝐐T

c



•

▪ 𝐳1 + ⋯ + 𝒛K → 𝐬

▪ 𝐬 → 𝐳1 + ⋯ + 𝒛K

•

𝐏 ⊗ 𝐐 𝐬 = 𝒩𝑐 𝟎,  

𝑘=1

𝐾

 𝐰𝑘 ⊗  𝐡𝑘 = 𝒩𝑐 𝟎, 𝐘

𝐏 ⊗ 𝐐 𝐳𝑘 = 𝒩𝑐 𝟎,  𝐰𝑘 ⊗  𝐡𝑘 = 𝒩𝑐 𝟎, 𝐘𝑘

𝐏 ⊗ 𝐐 𝐳𝑘 | 𝐏 ⊗ 𝐐 𝐬 = 𝒩𝑐 𝐘𝑘𝐘−1𝐬, 𝐘 − 𝐘𝑘𝐘−1𝐘𝑘

𝐙1 = 𝐏−1 𝐏𝐙1𝐐T 𝐐−T

𝐳𝑘 = 𝐏 ⊗ 𝐐 −1 𝐏 ⊗ 𝐐 𝐳𝑘



• 𝐏, 𝐐

▪

▪

▪ 𝐏−1

▪

▪ 𝐹 < 𝑇 𝐐

▪

𝐕𝑡 = 𝐏𝐒 H  𝒚1:𝐹,𝑡 𝐏𝐒 ∈ ℂ𝑇×𝑇

𝐪𝑡 = 𝐐𝐕𝑡
−1𝐞𝑡

𝐪𝑡 = 𝐪𝑡
H𝐕𝑡𝐪𝑡

−
1
2𝐪𝑡

𝑇 × 𝐹 𝐹 × 𝐹 𝐹 × 𝑇

rank(𝐕𝑡) = 𝐹



•

▪

▪ 𝐏 𝐐 = 𝐈𝑇

▪

𝐳1 + 𝐳2 + 𝐳3 = 𝐬

𝐳1

𝐳2

𝐳3



•

▪ 𝐏

▪

▪

▪



• 𝐏, 𝐐

▪

▪ 𝐏𝐏H = 𝐈𝐹 (𝐏−1 = 𝐏H) 𝐐𝐐H = 𝐈𝑇 (𝐐−1 = 𝐐H)

▪

▪

▪

▪

▪



•

▪

▪

𝐏

𝐐

𝐏𝐒𝐐T𝐒

 𝐡1

 𝐡2

 𝐡3

 𝐰1  𝐰2  𝐰3



•

▪

▪

▪

▪

▪

▪

▪

▪

▪

𝐏

𝐐

𝐏𝐒𝐐T𝐒𝐐T

𝐏𝐒𝐒

𝑇

𝐹

𝑇

𝐹

𝑇

𝐹

𝑇

𝐹

𝑇

𝑇

𝐹

𝐹

 𝐡1
 𝐡2
 𝐡3

 𝐰1  𝐰2  𝐰3



•

▪

▪

▪


